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Abstract. Let M be a connected smooth G-manifold, where G is 
a connected compact Lie group. In this paper, we first study the 
relation between 7Ti (M) and 7ri (M/G). Then we particularly focus 
on the case when M is a connected Hamiltonian G-manifold with an 
equivariant moment map (j>. In [13j . for compact M, we proved that 
7Ti (M) = 7Ti (M/G) = 7Ti (M a ) for all a £ image(<?!>), where M a is the 
symplectic quotient at a. We generalize and extend these results to 
Hamiltonian G-manifolds with proper moment maps. Our main results 
are Proposition [1] Theorems [2] and [3] 



1. Introduction 

Let M be a smooth manifold. Let a connected compact Lie group G act 
on M. We call M a G-manifold. 

Let (M, w) be a symplectic manifold. Assume that a connected compact 
Lie group G acts on M with moment map 4> : M — ► g*, where fl* is the dual 
Lie algebra of G. In this case, we call (M,u) a Hamiltonian G-manifold. 
We will always assume that eft is equivariant with respect to the G action, 
where G acts on g* by the coadjoint action. Take a moment map value o in 
0*, the space M a = (p~ 1 (G ■ a) JG is called the symplectic quotient or the 
reduced space at the coadjoint orbit G ■ a. If G a is the stabilizer group 
of a under the coadjoint action, by equivariance of the moment map, M a = 
<ft~ 1 (a)/G a = <£ -1 (G ■ a)/G. We will use the two notations interchangeably. 

In this paper, fundamental groups always mean the fundamental groups 
of topological spaces, even when we do not explicitly say so. 

For compact Hamiltonian G-manifold M, in [13], we had the following 
results. 

Theorem 1. Let (M, uj) be a connected compact Hamiltonian G-manifold 
with equivariant moment map <fi, where G is a connected compact Lie group. 
Then, as fundamental groups of topological spaces, tt\ (M) = m (M/G) = 
tt\ (M a ) for all a E im((f)). 

If M is not compact, the results in Theorem Q] may not be true as the 
following easy example shows. 

Key words and phrases. Symplectic manifold, fundamental group, Hamiltonian group 
action, moment map, symplectic quotient. 
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Example 1.1. Consider M = S X K, and let S 1 rotate the first factor, 
then the moment map is the projection to the second factor R. We have 
that TTi (M/S 1 ) TTi (M a ) £ 7Ti (M) for all a G im(». 

The proof of Theorem Q] goes as follows (see [13J and [12J): we prove that 
7ri (M) = 7Ti (M ) for some waZue a which is a boundary vertex of the moment 
polytope. In fact, for this special value a, the whole set (j>~ 1 (a) is fixed by 
G a 5 T, where G a is the stabilizer group of a under the coadjoint action, 
and T is a maximal torus of G. Therefore, (j)~ 1 (a) ~ cfi~ 1 (a)/G a = M a . So 



Then we prove that the 7ri(M a )'s are isomorphic for all value a's. Finally, 
we prove that 7Q (M/G) = 7Ti (M a ) for a particular value a. 

Lemma 1.3. Let (M,u) be a connected Hamiltonian G-manifold, where G 
is a connected compact Lie group. Let T be a maximal torus of G. If M is 
compact, then there exists a connected subgroup H of G such that H D T 
and that H has a fixed point. 

Proof. Let eft be the moment map. If G = T is abelian, then (ft(M) is a convex 
polytope for compact M. The inverse image of each boundary vertex of the 
polytope is a fixed component of T. If G is nonabelian, let a be a furthest 
value in the image of <f>. In Lemma 6.14 of [13], although we did not state it, 
we proved that 4>~ l (a) is fixed by G a 5 T, where G a is the stabilizer group 
of a under the coadjoint action. □ 

If M is not compact, as we saw in Example 11.11 there may not be 
isotropy group which contains a maximal torus of G; and, for this example, 
7ri (M) % 7Ti (M/G). While for compact M, Lemma [L3] holds, and Theo- 
rem □ says that m (M) ^ tti (M/G). 

Now, we only assume that M is a connected G-manifold with moment 
map (p. The moment map eft is proper if the inverse image under (ft of each 
compact set is compact. 

For a noncompact Hamiltonian G-manifold M with proper moment map 
(ft, 4>(M) fl t*j_ is a convex polyhedral set (Theorem H]), where t+ is a closed 
positive Weyl chamber. But, cf>(M) may not be compact and hence there 
may not be boundary vertex on (f>(M)f]t*,. We will take a different approach 
from that of compact M to study tti(M). First, we study 7Ti(M) for general 
G-manifolds. 

Let a connected compact Lie group G act on a connected smooth manifold 
M. Let H be a subgroup of G which is the stabilizer of some point in M. Let 
(H) be the subgroups of G conjugate to H. Denote M(m = {x G M | G x G 
(-ff)}. The set M(m is a submanifold of M, and we call it the (i^)-orbit 
type or the (ff)-isotropy type. There is a connected open dense orbit type 
in M, which is called the principal orbit type. We first have the following 
result. 



(1.2) 
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Proposition 1. Let G act on a connected smooth manifold M , where G is 
a connected compact Lie group. Assume that each nonprincipal orbit type 
has codimension at least 2, and that there exists an orbit which is simply 
connected. Then 

7Tl(M) = 7Tl (M/G). 

If we assume that big enough isotropy group H 5 T exists for the G 
action, then there exists a simply connected orbit (see Lemma l4.2f) . Now, 
let us consider Hamiltonian G-manifolds. Our next main result is Theo- 
rem [21 where (A) holds without assuming the moment map is proper, and 
we assume the moment map is proper in (B). 

Theorem 2. Let (M,u) be a connected Hamiltonian G-manifold with equi- 
variant moment map eft, where G is a connected compact Lie group. Let T 
be a maximal torus of G. Assume that there is a connected subgroup H of 
G such that H 3T and that H has a fixed point. Then 

(A) 7Ti (M) =S TTi (M/G) =S TTi (M/T) ^ 7Ti (M / H) . 

(B) Let x be the H fixed point. If <fi is proper, and if 4>(x) = a, then 

TTi [<r l (G ■ a)) TTi (r l (a)) * m (M a ) . 

Remark 1.4. In Theorem [2j if there is a subgroup H such that H 5 T 
has a fixed point, then the identity component of H has a fixed point. 
So we can always take connected H. In fact, all the isomorphisms except 
7Ti (M) = 7i"i (M/H) do not need H to be connected. We take a connected 
group to make M to be a Hamiltonian ff-manifold for the connected group 
H. 

Next, we observe that, the fact n\ (M/G) = tt\ (M a ) for all a € im(^>) 
always holds for Hamiltonian G-manifolds with proper equivariant moment 
maps. This is a straightforward generalization of the compact case. See 
Section for the proof. We observe that this result does not depend on 
whether the action has big enough isotropy groups. In our next main result 
Theorem[3]below, we first state this generalization in (A). In (B), we made a 
step further in generalizing (A). For noncompact M, we observed that there 
may not be isotropy groups which contain a maximal torus of G. If we take 
G to be a connected subgroup of G such that up to finitely many elements, 
every isotropy group is a subgroup of G, we can express n\ (m/Gj in terms 

of 7Ti of the "partial" reductions of the G- moment map by G. 

Theorem 3. Let (M,uj) be a connected Hamiltonian G-manifold with a 
proper equivariant moment map 4>, where G is a connected compact Lie 
group. 

(A) TTi (M/G) ^ m (M a ) for all a G im(4>). 

(B) More generally, let G be any connected subgroup of G such that up 
to finitely many elements, every isotropy group is a subgroup of G. 
Then, m (m/g) = tti U~ l (G ■ a)/G] for all a G im(<t>). 



-1 



HUI LI 



A special case is when im(<^>) consists of regular values. In this case, 
all the isotropy groups are finite. Taking G = 1 in Theorem 02 we obtain 
7n(M) = TT\((f)~ l (G ■ a)) for all a G im(</>). We have the following lemma, 
where the proof of the fact tt\(M) = %\ (</> _1 (a)) for all a G im(</>) is given 
below. 

Lemma 1.5. Let (M, ui) be a connected Hamiltonian G-manifold with a 
proper equivariant moment map <f>, where G is a connected compact Lie 
group. Assume that image{(p) consists of regular values. Then, 

tti(M) ^7Ti (<^ _1 («)) -Tl {^{G-a)) f° ral1 aeim{cp). 

Proof of tti(M) = 7Ti (</> _1 (a)) for all a G im(<p). If im(0) consists of regu- 
lar values, then eft is a proper submersion from M onto im(0) C Q*. By 
Ehresmann's lemma, gives a fibration from M onto im(0) (which is open 
in g*) with connected fiber ([8] or [11]) diffeomorphic to <^~ 1 (a) for any 
a G im((/>). By the homotopy exact sequence for fibrations, we have tvi(M) = 
Tri^-^a)). ' □ 

We have the following corollary of Theorems [2] and [3l It states the im- 
portant contribution to 7Ti (M) of the level sets which contain fixed points 
of big enough subgroups of G. In particular, this is a generalization of the 
fact 7Ti (M) = 7Ti (minimum) = tt\ (maximum) for a compact Hamiltonian 
S^-manifold M, where minimum and maximum are those of the real valued 
moment map for the circle action ([E]); and, more generally, it is a general- 
ization of vri (M) = 7Ti (0~V)) as in (jl.2l) for some boundary vertices of the 
moment polytope for compact Hamiltonian G-manifold M. This corollary 
and (B) of Theorem [2] together generalize (|1.2p . even though here H may 
not fix the whole set 4>~ 1 (a). 

Corollary 1.6. Let (M,uj) be a connected Hamiltonian G-manifold with 
a proper equivariant moment map <f>, where G is a connected compact Lie 
group. Let T be a maximal torus of G. Assume that there is a connected 
subgroup H of G such that H 5 T and that H has a fixed point x, and 
(j)(x) = a. Then 

TTl (M) TTi [<t>~ % {G ■ O)) * 7T1 (r X («)) • 

For S^-manifolds with proper moment maps, in [7j, using Morse theory, 
Godinho and Sousa-Dias proved that when S 1 does not have fixed points, 
tti(M) = 7Ti (0 _1 (a)) for all a G im(0); and, when S 1 has a fixed point, 
7ri(M) = 7Ti (M a ) for all a G im(</>). This result is a partial result of our 
Theorems [2] and [3] for the case G = S 1 . 

2. Preliminaries on G-manifolds and on Hamiltonian 

g-manifolds 

In this section, we review some theorems on Hamiltonian G-manifolds 
which constitute the main tools in our proofs, and we will explain how we 
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use them. We review the notion of stratified spaces which are essential for 
our proof of Theorem [3] since M/G and M a are in general stratified spaces. 

Theorem 4. (m, [3], [8] and ) Let (M, u) be a connected Hamiltonian 
G-manifold with proper moment map (ft, where G is a connected compact Lie 
group. Let t+ be a fixed closed positive Weyl chamber of Q* . Then 

(1) For each coadjoint orbit O in the image of (ft, (ft~ l {0) is connected. 

(2) The image (ft(M) n t+ is a convex polyhedral set. 

If G = T is abelian, then 4>{M) is a convex polyhedral set; it consists of 
faces with different dimensions. A connected open face is called a chamber. 
By quotienting out a subtorus which acts trivially, we can assume that the 
action is effective, and hence there is an open face. 

Theorem 5. (" |16j or [10] ) Let (M, oj) be a connected Hamiltonian G-manifold 
with proper moment map (ft, where G is a connected compact Lie group. 
Choose a G-invariant metric on M. Assume that G im((ft). Then there 
exists a G-invariant open neighborhood U C Q* of such that the gradient 
flow of the function — \\4>\\ 2 induces a G-equivariant deformation retraction 
from ^{U) to _1 (O). 

2.1. Local normal form theorem. 

Theorem 6. (Local normal form) /"|14j . [6]^ Let (M, oj) be a symplectic 
manifold with a Hamiltonian connected compact Lie group G action. Let 
p G M, and assume that the orbit G ■ p is isotropic. Let H be the isotropy 
subgroup of p. Then a neighborhood of the orbit G ■ p in M is equivariantly 
symplectomorphic to Gxh(§° xV), where i)° is the annihilator of\) =Lie(H) 
in q* on which H acts by the coadjoint action, and V is a complex vector 
space on which H acts linearly and symplectically. 

The G action on this local model is g\ ■ [g,a,v] = [gig, a, v], and the 
moment map on this local model is (ft([g, a, v]) = Ad*(g)(4>(p) + a + ip(v)), 
where ip(v) is the moment map for the H action on V. 

2.2. Cross section theorem. 

Definition 2.1. Suppose that a group G acts on a manifold M. Given a 
point m in M with isotropy group G m , a submanifold U m C M containing 
m is a slice at m if U m is G m -invariant, G ■ U m is a neighborhood of m, 
and the map 

Gxg ra U m — > G ■ U m , [g, u] i — ► g ■ u is an isomorphism. 

For instance, consider the co-adjoint action of G = SU{2) or 50(3) on 
E 3 =Lie(G). For a G R 3 ,a / 0, there is a unique ray I a passing through 
and a; the open ray L° = I a — is a slice at a. If a = 0, then a slice at is 
M 3 . 

More generally, consider the co-adjoint action of a connected compact 
Lie group G on g*. Fix a closed positive Weyl chamber t?j_, without loss of 
generality, take a G t+. Let r C tl be the open face of t?j_ containing a and 
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let G a be the isotropy group of a. Since all the points on r have the same 
isotropy group, we also use G T to denote G a - Then the natural slice at a is 
U a = G a ■ {b £ t* + \Gb C Go} = G a ■ Ui-c-f' T '> an d it is an open subset of 

Qt = 9a- 

The following cross section theorem is due to Guillemin and Sternberg. 
(Theorem 26.7 in [5]; for the following version, see Corollary 2.3.6 in [3].) 

Theorem 7. (cross section). Let (M,co) be a symplectic manifold with a 
moment map : M —> g* arising from an action of a compact connected Lie 
group G. Let a be a point in q* and let U a be the natural slice at a. Then 
the cross section R = <^ _1 (?7 a ) is a G a -invariant symplectic submanifold 
of M, where G a is the isotropy group of a. Furthermore, the restriction 4>\r 
is a moment map for the action of G a on R. 

The highest dimensional face t p of tl which contains values of (f> is called 
the principal face. Let U t p be the slice at t p . The cross section (j)~ l (U T p) 
is called the principal cross section. The maximal torus of G acts on the 
principal cross section (but not necessarily effectively, see Theorem 3.1 in 

mi)- 

We will use the cross section theorem in the following two ways: 

• If a E im(0) n r for some face TCtl, then r lies on the central dual 
Lie algebra of G a , so the G a -orbits in _1 (a) are isotropic orbits; 
then we can use the local normal form theorem in the cross section 
R to describe a neighborhood of a G a -orbit. 

• Assume that the moment map eft is proper. Fix a G- invariant Rie- 
mannian metric on M. Assume that a £ im(0) n r. By Theorem [5j 
there exists a G a -invariant neighborhood of cp~ 1 (a) in R which G a - 
equivariantly deformation retracts to (p~ 1 (a). By equivariance of (p, 
there exists a G-invariant neighborhood Af of _1 (G -a) in M which 
G-equivariantly deformation retracts to cp~ 1 (G ■ a). 

2.3. Stratified space and link of a point. 

Let G, a connected compact Lie group, act on a smooth manifold M, the 
quotient space M/G is a stratified space. If (M,u) is a symplectic manifold 
and the G action is Hamiltonian, then the symplectic quotients are stratified 
spaces (|15j). 

Let X be a Hausdorff and paracompact topological space and let J be a 
partially ordered set with order relation denoted by <. A ^-decomposition 
of X is a locally finite collection of disjoint, locally closed manifolds Si C X 
(one for each i € J) called pieces such that X = Ui^jSi, and that Si n Sj ^ 
44> Si C Sj i < j. We call the space X a J- decomposed space. 

A stratified space is defined recursively as follows. A decomposed space 
X is called a stratified space if the pieces of X, called strata, satisfy the 
following condition: Given a point x in a piece S (connected), there exists 
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an open neighborhood U of x in X, an open ball B around x in S, a compact 
stratified space L, called the link of x, and a homeomorphism 

ip : B x CL — » U 

o 

that preserves the decompositions. Here, CL is the space obtained by col- 
lapsing the boundary L x of the half-open cylinder L x [0, oo) to a point. 
We also call the link of x the link of S. 

For a smooth manifold M, if N is a closed submanifold of M, by the 
tubular neighborhood theorem, a neighborhood of N in M is diffeomorphic 
to a neighborhood of the normal bundle E of N in M. If the fiber sphere of 
the sphere bundle S(E) of N is connected and simply connected, i.e., if the 
codimension of N is bigger than or equal to 3, then 7Ti(M) = 7Ti(M — iV). 
For a stratified space X, the Zinfc of a stratum S 1 plays the role of the fiber 
sphere of the sphere bundle of a submanifold in a smooth manifold. Using 
the Van-Kampen theorem, we can prove the following lemma. May see 
Lemma 2.3 in |13] for detail. 

Lemma 2.2. Let X be a stratified space. Let S be a connected closed stra- 
tum of X whose link is connected and simply connected. Then tt\{X) = 

TTl (X-S). 

3. Proof of Proposition □ 

Lemma 3.1. (Corollary 6.3 in [2],) If X is an arcwise connected G-space, 
G compact Lie, and if there is an orbit which is connected, then the funda- 
mental group of X maps onto that of X/G. 

Let M be a connected smooth G-manifold, where G is a connected com- 
pact Lie group. In the Introduction, we defined the (-ff)-orbit type Mrm 
for a stabilizer group H and we defined the principal orbit type. The fact 
is that all other orbit types are in the closure of the principal orbit type. 
More generally, if M {H) C M(H'), then (H 1 ) C (H). The quotient M/G is 
a stratified space whose strata are the M^m/G's. The manifold Mrm/G is 
called the (iJ)-stratum of M/G. 

Lemma 3.2. Let G act on a connected smooth manifold M , where G is 
a connected compact Lie group. Let Mrm be a closed connected orbit type 
which has codimension at least 1 in M . Then we have a surjection 

TTl (M - M {H) ) -» 7Tl (M) . 

Proof. Since the submanifold M(m has codimension at least 2 in M, its 
sphere bundle 5 (Mrm) (in particular the fiber) is connected, by the homo- 
topy exact sequence for the fibration S (M(m) — ► Mr m, we have a surjection 

TT! (S {M {H) )) - * TTl (M (H) ). 
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Take the open cover {M - M {H) , N (M {H) )} of M, where N {M {H )) is a 
small open neighborhood of Mrjjy By the Van-Kampen theorem, we have 
a surjection 

TTi (M-M (H) ) -»7n (M). 

□ 

Remark 3.3. Let G act on a connected smooth manifold M, where G is 
a connected compact Lie group. Assume that each nonprincipal orbit type 
has codimension at least 2 in M. Using Lemma [3.21 inductively, in a suitable 
order, we can continue to throw away certain orbit types to get a surjection. 
For example, if «M(m is the submanifold which consists of those orbit types 
whose closures contain M( H y where Mm) is a closed connected orbit type, 
then 

TTi [M {H )) -» TTi (M) ; 
and, if Mp is the principal orbit type, then we have a surjection 

7Tl (M P ) -» 7Tl (M) . 

Proof of Proposition^ Since G is connected, by Lemma l3.lt we have a sur- 
jection 

7Tl(M) -» TTl (M/G) . 

Let G • i be the simply connected orbit. Let g: M — > M/G be the 
quotient map and let x = q[x). Let a be a loop in M/G based at x such 
that [a] = 1 € 7Tj (M/G;x). Let 5 be a loop in M based at x which is any 
lift of a. We need to show that [5] = 1 S 7Ti (M; x). 

First note that in each orbit type, the orbits are diffeomorphic to each 
other, so we can use this diffeomorphism to deform paths or loops in the same 
orbit type. Secondly, for a nonprincipal orbit type, since its codimension in 
M is at least 2, by Lemma 13.21 we can push paths or loops out of this 
nonprincipal orbit type to its sphere bundle. For the loop 5, we need to 
deform it through a family of base point preserving loops to the constant 
loop x. Since [a] = 1 £ tti (M/G;x), we have a continuous family of paths 
from each point of a to x. In M, we follow this continuous family of paths 
between the orbits which intersect a and the orbit G ■ x, and we use the 
above two types of deformation to deform 5 to a loop a' which lies in the 
orbit G ■ x. Since wi {G ■ x) = 1, [5] = [a 1 ] = 1 G m (M; x). □ 

Remark 3.4. Using Proposition Q] on a subspace M.m) as follows, we have 

Lemma 3.5. Let G, a connected compact Lie group, act on a connected 
smooth manifold M . Let Mrm be a connected orbit type whose orbits are 
simply connected. Let A4tm be the submanifold which consists of those orbit 
types whose closures contain M/jjy Assume that each nonprincipal orbit type 
in M(h) h as codimension at least 2 in Mr H \. Then 

TTi [M {H )) = tti (M {H) /G) . 
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4. Proof of Theorem [2] 

Lemma 4.1. Let M be a connected Hamiltonian G-manifold, where G is 
a connected compact Lie group. Then, each nonprincipal orbit type has 
codimension at least 2. 

Proof. First assume that G = T is abelian. By the local normal form the- 
orem, a neighborhood of an orbit with isotropy group H is isomorphic to 
A = T x H (fj° x V) = T x H (f)° x W x V H ), where V H is the subspace 
of V fixed by H and W is its complementary subspace in V. Note that 
Ah = T xh (fj° x So if i? is not the principal stabilizer, then W is 

a nontrivial complex vector space on which H acts nontrivially; so Mh has 
codimension at least 2. 

Now assume that G is nonabelian. Fix an isotropy type (H). We may 
assume that the image of the orbit type Mrjj\ intersects a face r of t+ (then 
H C G T ). By equivariance of the moment map, we only need to consider 
this orbit type in the cross section R on which G T acts. By the local normal 
form theorem, a neighborhood of an isotropic orbit in R with stabilizer (H) 
is isomorphic to A = G T x H (fj° x V) = G T x H (fj° x W x V H ), where t)° is 
the annihilator of f) =Lie(H) in g*. Then A^ = G T Xh (M m x V H ), where 
R m is a subspace of f)° fixed by H. Let M 1 be the complementary subspace 
of M. m in If (H) is not the principal stabilizer type, then R' © W / 0. 
Based on Proposition 6.3 in [13] (one may refer to the proof of Lemma 6.19 
in pj| for all possible H), dim(M ; ®W)>2. □ 

Lemma 4.2. Let G be a connected compact Lie group, and let T be a 
maximal torus of G. Let H be a subgroup of G such that T C H. Then 

m(G/H) = i. 

Proof. Since we have a surjection 

tv\(T) -» %\(G) and the inclusions 

T^H^G, 

we have a surjection 

m(H) -» 7Ti(G). 

The claim follows from the homotopy exact sequence for the fibration H C 
G^G/H: 

■ ■ • - TTiCff) -» 7Tl(G) -> 7T1 (G/H) 

□ 

Proposition 2. Let M be a connected Hamiltonian G-manifold with proper 
equivariant moment map <f>, where G is a connected compact Lie group. Let 
T be a maximal torus of G. Assume that there is a subgroup H of G such 
that H ^ T and that H has a fixed point x, and <fi{x) = a. Then 

TTl {<jr\G ■ a)) * 7T1 (0 _1 (O)) ^ 7T1 (M ) . 



10 



HUI LI 



Proof. Since (ft is proper, (ft~ l (G-a) and eft" 1 {a) are connected by Theorem0J 
and, by definition of properness, 4>~ 1 {G ■ a) and (ft~ l {a) are also compact. 
Hence, M a is connected and compact. 
Consider the map 



Since G is connected and it acts on (ft~ 1 (G ■ a), by Lemma f3.1[ (|4.3p is 
onto. 

Now we show that (14.3D is injective. Let Af be an open invariant neigh- 
borhood of (ft~~ 1 (G ■ a) in M which equivariantly deformation retracts to 
<ft~ l {G ■ a). Since the orbit G ■ x « G/H, by Lemma S3 7ri (G • x) = 1. 
By Lemma 14.11 each nonprincipal orbit type in has codimension at 
least 2. Take [a] = 1 G tq (M a ). Then [a] = 1 E m(M/G). Let 
5 C (j>~~ l (G • a) be a lifted loop of a. By Proposition [Q [5] = 1 € tt\ (M). 
Since tti (AT) = 7r a (0 _1 (G • a)), [a] = 1 6 tti ' «))• 

Now, we prove that m [(ft~ 1 (a)) = wi (M a ). Assume a € r C t+. Since 
if fixes cc, and since 0(p • x) = Ad*(g) ■ (fi(x), H C G a . Consider the G a 
action on the cross section PJ and on (j)~ 1 (a). Take a G a -invariant open 
neighborhood of (p^ 1 (a) in R T which G a - equivariantly deformation retracts 
to (p~ 1 (a) and use the same argument as above. □ 

Proof of Theorem^ (A). Let K be G, T or H. Then K is connected and 
it acts on M. Since M is a Hamiltonian G-manifold, it is a Hamilton- 
ian AT-manifold for any K. Moreover, the K action has an orbit which is 
simply connected by Lemma 14.21 Then tt\ (M) = tt\ {M/K) follows from 
Lemmas 13.11 14.11 and Proposition [TJ 

(B) is Proposition [2j □ 



The method of removing and deforming used in [13] to prove the same 
fact for compact manifold M applies to this case. Hamiltonian action plays 
crucial roles in the removing process — we have the local normal form theo- 
rem and the cross section theorem. The properness of (ft or the compactness 
of M is used to control the gradient flow of suitable components of eft or of 
\\(ft\\ 2 — we use these flows to do local deformation retractions (Theorem[5|). 
We will state the important lemmas which lead to the results and we will 
emphasize the key points which make these lemmas hold. The corresponding 
proofs in [13J apply or apply with slight modifications. 

Lemma 5.1. (see Lemma 3.6 in [l3]j Let (M, to) be a connected Hamilton- 
ian T- manifold with proper moment map (ft, where T is a connected compact 
torus. Then, for all value a's in one connected chamber of im{(ft), TVx(M a ) 's 
are isomorphic. 

For the method of removing, the results in Lemmas 15.21 and 15.51 below are 
the key reasons for Lemmas 7.20, 3.8 and 6.19 in [13] to hold. Lemmas 7.20, 



(4.3) 




5. Proof of (A) of Theorem [3] 
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3.8 and 6.19 in [13] were stated in emphasizing the consequences of these 
results. Here and in Lemmas 16.21 and 17.11 we are particularly emphasizing 
these points themselves. 

Lemma 5.2. (see Lemmas 7.20 and 3.8 in [BjJ Let M be a connected 
Hamiltonian T -manifold with proper moment map (ft, where T is a connected 
compact torus. Let J- be a singular face of im(<p). Let U be the closure of 
one open connected chamber such that T C U. 

(1) For each nonprincipal isotropy type Mtjj\ n (ft' 1 (J 7 ), the link of 
\M(H) ^ 4'~ 1 (^ 7 )) /T in M/T is connected and simply connected. 

(2) For each isotropy type M {H) H (ft' 1 (J 7 ), the link of (M {H) n eft' 1 (J 7 )) /T 
in (ft~ 1 (U)/T is connected and simply connected. 

We can use (2) of Lemma 15.21 to prove Lemma 15.31 The idea is to use 
Lemma 12.21 and Theorem [5J We refer to the proof of Lemma 3.8 in |13j . 

Lemma 5.3. Let (M, u) be a connected Hamiltonian T -manifold with proper 
moment map (ft, where T is a connected compact torus. Let c be a value on 
a singular face of im((ft), and let a be a regular value very near c. Then 
vn(M c ) !*7ri (M a ). 

Lemma 5.4. (see Lemma 6.15 in |13j ) Let (M,u>) be a connected Hamilton- 
ian G-manifold with proper moment map (ft, where G is a connected compact 
non-abelian Lie group. Let t p C i* + be the principal face. Then, for all value 
a's on t p , iri(M a )'s are isomorphic. 

Lemma 5.5. (see Lemma 6.19 in [13] ) Let M be a connected Hamiltonian 
G-manifold with proper moment map (ft, where G is a connected compact 
non-abelian Lie group. Let C be the central face of i*,, and assume that 
C H im((ft) and that C is not the only face of i* + which contains im{(ft). 
Then, for each isotropy type M( H }C\(ft~ l (C), the link of \M(H) H 0~ 1 (C)) /G 
in M/ G is connected and simply connected. 

We can use Lemma 15.51 to prove Lemma 15.61 below. See the proof of 
Lemma 6.16 in |13j . 

Lemma 5.6. Let (M, u) be a connected Hamiltonian G-manifold with proper 
moment map (ft, where G is a connected compact non-abelian Lie group. Let 
a be a generic value on the principal face t p oft*,, and let c be a value which 
is not on t p . Then m(M c ) = ni(M a ). 

Lemmas 15.11 15. 3[ 15.41 and 15.61 imply Proposition [3] 

Proposition 3. Let (M, uS) be a connected Hamiltonian G-manifold with 
proper moment map (ft, where G is a connected compact Lie group. Then, 
7Ti (M a ) 's are isomorphic for all a S im((ft). 

Similar to the proof of Theorem 1.6 in 1 3| . we can use Lemmas 15.21 and 
15.51 to prove Proposition |4] which is (A) of Theorem [3l 
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Proposition 4. Let (M,u>) be a connected Hamiltonian G-manifold with 
proper moment map (ft, where G is a connected compact Lie group. Then, 
m(M/G) =S 7ri(Af ) for all a £ im((ft). 

6. Proof of (B) of Theorem [3] for G = T 

Lemma 6.1. Let (M, to) be a connected Hamiltonian T -manifold with proper 
moment map (ft, where T is a connected compact torus. Let T' C T be a 
connected subgroup. Then, for all values a 's in one connected chamber of 
im((ft), 7Ti (c/> -1 (a)/T") 's are isomorphic. 

Proof. This is because for all values a's in one connected chamber of im((ft), 
_1 (a)'s are T-equivariantly cliff eomorphic. □ 

Lemma 6.2. Assume the assumptions of Theorem^ hold, where G = T is 
a connected compact torus. Let T C T be a connected subgroup such that 
up to a finite subgroup, every isotropy group is a subgroup of T. Let T be a 
singular face on im((ft). Let U be the closure of one open connected chamber 
U such that T C U . Let N be M or be (ft~ l {U). For each isotropy type 
M H n (ft' 1 ^), let L H be the link of (M H n (ft" 1 {J 7 )) /T in N/T, and let L' H 
be the link of (M H n (ft' 1 (J 7 )) /f in N/f. 

• IfHQT, then L H = L' H . 

• If H C T except for a finite subgroup T of H , then Lh = L' H /T, 
and, Lh and L' H are homeomorphic. 

Proof. Let us prove the claims for N = M. Let p G M be a point with 
stabilizer H such that (ft{T ■ p) £ T . By the local normal form theorem 
(Theorem[6|), a neighborhood of the (isotropic) orbit T-p in M is isomorphic 
to A = T x H (fj° x V) = T x H (fj° x W x V H ), where f} =Lie(H), t)° is its 
annihilator in t*, V H is the subspace of V fixed by H and W is such that 
V = W © V . The moment map (ft on A is (ft([t, a, w, v]) = (ft(p) + a + ift(w), 
where ip is the moment map of the H action on W. The isotropy type 
A H n (ft' 1 ^) = T x H (W n x x V H ), where R m C f)° is a subspace which 
is mapped to T . Let R l be the subspace such that f)° = R l © R m (note that 
H acts on h° by the trivial coadjoint action). 

We see that (A H n (ft' 1 (J 7 )) /T = W n x x V H , and A/T = l)° x V H x 
W/fl". So L H = 5(R' x W)/H. Here, 5(M' x W) denotes a sphere of the 
vector space M! x W. 

If F C f , then n ^ _1 (-^)) /T = T/f x M m x x V H , and A/f = 
T/f xt)° xV H x W/H. So L^ = S(R l x W)/H. 

If if C f except for a finite subgroup T, then (A H n _1 (J r )) /f = 
T/f x H (K m xOx V H ) = T/f x r {R m x and A/f = T/f x H 

(fj° x x = (T/f x M m x F H ) x r ((R' x MA)/(ifnT)). So L' H = 
S(R l x W)/(H n f ). Therefore, L H = L' H /Y = S(R l x W)/(H nfxF). 
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Since T acts on R trivially and it acts on W as a subgroup of T = (S 1 )™ 
(for some m), we easily see that Lh and L' H are homeomorphic. 

We can similarly prove the claims for U. We refer to the proof of Lemma 
3.8 in [13] for the computation of Lh- Then one can compute L' H as above. 

□ 

Lemma 6.3. Assume the assumptions of Theorem^ hold, where G = T is 
a connected compact torus. Let T C T be a connected subgroup such that 
up to a finite subgroup, every isotropy group is a subgroup of T. Let T be a 
singular face on im(4>). Let U be the closure of one open connected chamber 
U such that T C U . 

(1) For each nonprincipal isotropy type Mrjj) n </> _1 (.F), the link of 
(Af(m n<^~ 1 (JT)) JT in M/T is connected and simply connected. 

(2) For each isotropy type M^nf^f), the link of {M {H) n (jr 1 ^)) jf 
in <fi~ 1 (U)/T is connected and simply connected. 

Proof. This follows from Lemmas 15.21 and 16.21 □ 

Lemma 6.4. Assume the assumptions of Theorem^ hold, where G = T is 
a connected compact torus. Let T C T be a connected subgroup such that 
up to a finite subgroup, every isotropy group is a subgroup of T. Let c be a 
singular value, and let a be a regular value very near c. Let O be a small 
open neighborhood of c containing a. Let O' be the intersection of O with 
the connected open chamber containing a, and let O' be its closure in O. Let 
B be the set of values in O' but not in O' . Then 

tt! [4t\&)/t)^^ (p-\&)/T-4r\B)/T) . 

Proof. We inductively use (2) of Lemma 16.31 to remove (f)~ l {B)/T from 
_1 (O')/T. One may refer to the proof of Lemma 3.8 in [13]. □ 

Lemma 6.5. Assume the assumptions of Theorem^ hold, where G = T is 
a connected compact torus. Let c be a singular value, and let a be a regular 

value very near c. Then 7Ti (j)^ 1 (c) /Tj = 7Ti ^~ 1 (a)/T^ . 

Proof. We take the O in Lemma 16.41 small enough so that </> _1 (0) and 
_1 (O') equivariantly deformation retracts to _1 (c) (Theorem [5]) . So 

Since 

TT! {<p-\0')/f - <F\B)/T) = *ri (r\a)/T) , 
the claim follows from Lemma 16.41 □ 

Lemma 6.6. Assume the assumptions of Theorem hold, where G = T 
is a connected compact torus. Let T C T be a connected subgroup such 
that up to a finite subgroup, every isotropy group is a subgroup of T. Let 
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J 7 be a singular face on im(cf>) . Let O be a small open neighborhood of T 
on the moment map image (O does not intersect the faces which are in the 
closure of T). Let S be the set of nonprincipal orbits in _1 (JF). Then 

7T1 [r l {0)/f) * 7T! [r l iP)/f - S/f) . 



Proof. The argument is similar to the proof of Lemma 7.20 in [13], but using 
(1) of Lemma 16.31 □ 

Proof of (B) of Theorem^ for G = T. Using Lemmas 16.11 16.51 and 16.61 fol- 
low the argument used in the proof of Theorem 1.6 in [13J for the case 
G = T. □ 

7. Proof of (B) of Theorem [3] for nonabelian G 

Lemma 7.1. Assume the assumptions of Theorem{3[ hold, where G is non- 
abelian. Let C be the central face of t* + , and assume that C n im(<p) ^ and 
that C is not the only face of i* + which contains im(<p). For each isotropy 
type M^nf 1 ^); let L H be the link of (M (H) n -1 (G)) /G in M/G, and 
let L' H be the link of (M (H) n _1 (C)) /G in M/G. 

• If H C G, then Lh = L' H , they are connected and it\{Lh) = 

7Tl(L' H ) = l. 

• If H Q G except for finitely many elements, then Lh and L' H are 
connected and tt\{Lh) = iri(L' H ) = 1. 

Proof. By the local normal form theorem (Theorem [6]) , a neighborhood in 
M of an orbit O in _1 (C) with isotropy group (H) is isomorphic to A = 
G x H (fj° x V) = G x H (fj° x W x V H ), where f)° is the annihilator of 
rj =Lie(i?) in g* =Lie*(G), and, V H is the subspace of V fixed by H and 
W is such that V = W © V H . The moment map <fi on A is (f>([g, a, w, v]) = 
Ad*(g) (0(0) + a + ip(w)), where if) is the moment map of the H action on 
W. Soi^n^ 1 ^) = Gx H (R m xOxV H ), where R m C h° is the subspace 
which is mapped to C and therefore on which H acts trivially. Let M. 1 C f)° 
be the subspace such that f}° = R z © R m . 

Then n 0~ 1 (C)) /G = R m x x and A/G = K m x0x7 H x 

(R 1 x W)/H. So L H = 5(M' x W)/H. 

U H C G, then (A (H) n <j)~ l {C)) /G = G/G x R rn x V H , and A/G = 
G/G x R m x V H x (R l x W)/H. So L' H = S(R l xW)/H = L H . 

If H C G except for finitely many elements of H, then (A(h) ^ < / ) ~ 1 (C)) /G 
= G/Gx H (R m xV H ) = (R m xV H )xG/Gx H 0, and A/G = G/Gx H (R m x 
V H xR l xW) = (R m xV H )xG/Gx H (R l xW). So L' H = S(R l xW)/(HC\G). 

By Lemma 15.51 I>H 1S connected and tti(Lh) = 1. The claim for the 
first case when Lh = L' H follows immediately. For the second case, we 
think about it as follows. If we take the new subgroup H' = H n G of 
G which differs from H by finitely many elements, the S(R l x W) in the 
above analysis does not change; by the same arguments (or criteria) of the 
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connectedness and simply connectedness of Lh , L' H is connected and simply 
connected. For details of the arguments, we refer to the proof of Lemma 
6.19 in [13]. □ 



Lemma 7.2. Assume the assumptions of Theorem{3\hold, where G is non- 
abelian. Let C be the central face of t* + , and assume that C D im((f>) ^ and 
that C is not the only face of tl which contains im(4>) . Then 



tti (M/GJ 7T! [M/G - <jr\G)/G\ . 
Similarly, if O is a small open invariant neighborhood of C in Q* , then 
m (ct>-\0)/G) - tt! (<t>-\0)/G - r\C)/G) . 

Proof. By Lemma l7.lt f° r each possible H, the link of n _1 (G)) /G 

in M/G is connected and simply connected. Therefore we can inductively re- 
move the strata of </> _1 (G) /G from M/ G or from </> -1 (0)/G using Lemma [2.21 

□ 

Lemma 7.3. Assume the assumptions of Theorem{3\hold, where G is non- 
abelian. 

(1) Let t be a non-principal face ofl* + such that TPiim(<fi) ^ and let PJ 
be the corresponding cross section. Then, for each Mifj) H (f> (t), 
the link of {M {H) n _1 (r)) / (G T n G) m R T /(G T n G) is tfie same 
as £/ie Zinfc o/ (M (i7) n ^(G ■ r)) /G in G ■ PJ j G . 

(2) Lei 6e i/ie principal face and let R tP be the principal cross section. 
Let c E t p be a singular value. Then, for each Mrm H 0~~ 1 (e), i/ie 

link of (M {H) n <£ -1 ( c )) /( T n G ) »n ^/(T n G) is the same as the 
link of (M (H) n <fr x {G • c)) /G in G ■ PJ P /G. 

Proof. First note that, if a point with isotropy group H is mapped to a face 
r, then since <p(g ■ m) = Ad*{g) ■ 4>{m), H C G T . 

(1) The manifold G • R T is a fibration over the coadjoint orbit G/G T with 
fiber R T ; and correspondingly, each M(#) n (G • i? T ) is a fibration over G/G T 
with fiber M(m PI R T , moreover, each M/m n </> -1 (G • r) is a fibration over 
G/G T with fiber Mm) H(/) _1 (r). The claim follows from the equivariance of 

The proof of (2) is similar. □ 

Remark 7.4. Note that for any face r C t+ and the stabilizer group G T 
of r, the subgroup G T n G of G r is connected since G T and G are both 
connected. 

Lemma 7.5. Assume the assumptions of Theorem{3\hold, where G is non- 
abelian. Let t p C t+ be the principal face. Then, tti ^(/> _1 (G • t p )/G^ 

tti (V 1 ^ • a)/G] for all a G t p . 
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Proof. First, consider the space <P~ 1 {t p ) with the T action, where T is a 
maximal torus of G. Similar to the proof of the theorem for abelian group 
actions, by using removing and deforming in the space 4>~ 1 (T P )/(GnT), we 
get 

vri (V \r P )/{G n T)) - tti (r\a)/{G n T)) 

for some particular a € r p . Then by Lemma 16.31 and (2) of Lemma [731 we 
can do corresponding removing and deforming in the space <^ _1 (G ■ t p )/G, 
and we arrive at 

TTl (r^G • r P )/G) * 7T1 (r^G • a)/G) 

for this particular a € r p . 

For any two values a and 6 in the same connected open face on r p , 

7Q (^(G • a)/G) tti • 

since (f>~ l {G ■ a) and c/> _1 (G • b) are equivariantly diffeomorphic. Now, let 
c G r p be a value on a singular face. Take a value a £ r p in a connected 
open face very close to c. Take O' C t p as in Lemma 16.41 Using (2) of 
Lemma 17.31 again, we can do removing in i^ _1 (G • 0')/G corresponding to 
the removing in _1 (O')/(T n G); and we arrive at 

TTl (V^G • a)/G) TTl (r^G • C)/G) . 

□ 

Lemma 7.6. Assume the assumptions of Theorem{3\hold, where G is non- 
abelian. Let c <E t be a value, where r is a face of tl such that t ^ t p , 
and let a be a generic value on t p very near c. Let O C g* be a small 
open invariant neighborhood of c containing a. Let B be the set of values in 
O other than those on the open connected face of generic values on t p 
containing a. Then 

tti {f\0)/G) * it! (f\0)/G - 4>-\G ■ B)/G) . 

Proof. Consider the cross section R T where G T acts. Note that r lies in the 
central dual Lie algebra of G T . Using Lemmas 17.21 and 17.31 we have 

tti (4>-\0)/G) - tti (r\0)/G - 4>-\G ■ r)/G) . 

For other non-principal faces r"s, we use the cross section theorem and 
Lemma l7.3l to inductively remove (f>~ (G-r')/G's. If there are singular faces 
on O n t p , then we use Lemmas 16.31 and 17.31 to remove the rest (deforming 
may also be needed). If further detail is prefered, one may refer to the proof 
of Lemma 6.18 in [13]. □ 
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Lemma 7.7. Assume the assumptions of Theorem{3[ hold, where G is non- 
abelian. Let c G r be a value, where r is a face of t+ such that r ^ t p , 

and let a be a generic value on r p very near c. Then tt\ • c)/G\ = 

TTi (V(G-a)/G). 

Proof. In Lemma |7.6| we take O small enoug h such that _1 (O) equivari- 
antly deformation retracts to <p~ l {G ■ c). Then 



7Q (4r\o)/G)*>K X {fr\G-c)/Q). 



Since 



vri {4r\0)/G - <p-\G ■ B)/G) in (f-\G ■ a)/G^ 
the claim follows from Lemma 17.61 □ 



Proof of (B) of Theorem^ for nonabelian G. We use Lemma 17.21 the cross 
section theorem and Lemma 17.31 to inductively remove (p~ 1 (G ■ t)/G from 
M/G for the faces r's other than the principal face t p which contain values 
of (j). Assume we have now ir^M/G) ^ vri (tfr^G • t p )/g). Then by 

Lemma Ell m U~ X {G ■ t f )/g) ^ (dr 1 (G ■ a)/G\ for a G t p . The 

claim that the iz\ \ 6~ 1 {G ■ a)/GM's are isomorphic for all a G im(0) follows 
from Lemma 17.71 □ 
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